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BENDING-TORSION FLUTTER CALCULATIONS MODIFIED BY SUBSONIC
COMPRESSIBILITY CORRECTIONS

By I. E. GARRICK

SUMMARY

A number of calculations of bending-torsion wing flutter are
made at two Mach numbers, M=0 (incompressible case) and
M=0.7, and the results are compared. The air forces em-
ployed for the case of M=0.7 are based on Frazer's recalcula-
tion of Possio’s results, which are derived on the assumption of
small disturbances to the main flow. For ordinary wings of
normal density and of low bending frequency in comparison
with torsion frequency, the compressibility correction to the
flutter speed appears to be of the order of a few percent; whereas,
the correction to the flutter speed for high-density wing sections,
such as propeller sections, and to the wing-divergence speed in
general may be based on a rule using the (I —M?)' factor and,
for M=0.7, represents a decrease of the order of 17 percent.

INTRODUCTION

The question of the influence of the compressible properties
of a gas on wing flutter is, of course, directly tied to the
primary problem of determining the air forces and moments
on oscillating airfoils moving at high forward speeds. This
problem has been attacked by Possio (reference 1), along
lines indicated by Prandtl, by a procedure utilizing the
pressure or acceleration potential and the method of lineariza-
tion of the equation satisfied by the acceleration potential
for small disturbances to the main flow. A review and
summaeary of Possio’s work with certain simplifications have
been given by Frazer (reference 2). Frazer and Skan
(reference 3) listed improved numerical tables of Possio’s
results and made some numerical applications to the flutter
problem.

It appeared worth while to perform additionsal calculations
along similar lines utilizing the notations and parameters
more familiar in this country. The present report has for
its limited objective the reporting of the results of & number
of pertinent calculations on bending-torsion flutter for a
stream Mach number A£=0.7 and the comparison of these
results with those given in reference 4 for the incompressible
case based on the Theodorsen theory (reference 5).

The numerical accuracy of the results of Possio’s theory
and method deteriorates as Af approaches unity and as the
frequency increases. It has been estimated that the theory
is not safely applicable much beyond A7=0.7, nor at M=0.7

for values of the reduced frequency k much beyond 1. Thus,
the transonic or supersonic ranges of speeds are not con-
sidered in the present paper. The purely supersonic case
for small disturbances is also tractable, and flutter calcula-
tions for this case are being prepared.

PROCEDURE

In the idealized case of 2 wing with two degrees of freedom,
wing bending and wing torsion, and based on two-dimen-
sional air forces, the determinantal equation yielding the
flutter condition may be written in the form (references 4
and 5)
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The two real equations contained in the complex determi-
nant may yield in any given problem the two unknowns,
flutter speed and flutter frequency.

Expressions for the R’s and I’s in the incompressible
case are listed following the definitions of the various symbols
in the appendix, and the evaluation of the terms is facili-
tated by the use'of table I. In the compressible case the
R’s and I's are expressed in terms of the notation of Frazer
and Skan (reference 3), and table II contains values for
Af=0.7.

Instead of a direct solution of the flutter speed and flutter
frequency for a case in which the wing structural parameters
are given, it is more convenient to solve for the parameter
wpfwa (the ratio of frequency in bending to frequency in
torsion) which belongs to the border-line case of flutter for a

definite chosen value of the parameter 1/k. The elimination .

of X from the two equations contained in the determinant
yields a quadratic equation in (ws/w.)? from which wy/w, may
be found and, subsequently, X may be evaluated; and X,
together with the given value of 1/k, determines the futter
speed and frequency. It is convenient first to perform the
calculations for the compressible case with Af=0.7 and
finally, in order to furnish the desired numerical comparisons,
to perform the caleulationsfor theincompressible case (Af=0)
utilizing the given structural parameters and the derived
values of the frequency ratio ws/ws.
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RESULTS AND. DISCUSSION

The main numerical results are summarized in table III
and are shown plotted in figures 1 to 4. (No tabular values
are included for fig. 4.) The ordinate in the figures is the
flutter-speed coefficient v/bw., where bw. represents a con-
venient reference speed. Thae abscissa is the frequency ratio
WpfWa.

The perameter « may be considered to determine the
wing density at a given altitude; thus, x=0.025 represents
the highest wing density used and x=0.2, the smallest.

_Alternatively, the change in « may be interpreted to repre-
sent & change in altitude for a given wing, and & change from
k=0.10 to k=0.05 may be considered to represent an altitude
change from sea level to an altitude at which p equals one-

half the density at sea level, or approximately 18,000 feet.

The normal drop in sonic speed with altitude should be
taken into account in interpreting AI=% (see reference 3,

fig. 2). The examples treated may be further classified by
values of the parameter ¢ representing positions of the tor-
sional elastic axis; thus a=~04,0=—0.2, and ¢=0 repre-
50 percent chord from the leading edge. Also 2,=0.2 repre-
sents a position of the center of gravity 10 percent of the
chord behind the elastic axis.

The figures show flutter curves calculated for the two
values (M=0 and M=0.7) representing respectively & low-
speed or incompressible case and a high-speed or compress-
ible case. For the usual circumstance of low values of the
frequency ratio ws/w., the effect of compressibility on the
flutter speed is seen to be relatively small; for the lower wing
densities the effect is a smell increase, whereas for the highest
wing density used the effect is a small detrimental one.

For the divergence speed (frequency «—>0) the formulas
of the static case are applicable and the slope of the lift
curve increeses according to the Glaueri-Prandtl rule, Whlch
yields the approximate formula
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For very heavy wings (x—>0) the values of 1/k for

flutter approach « ; that is, the low frequency or the static
case is approached and the (1—2Af?)'/4 rule given in reference
4 appears applicable. The empirical formula for the flutter
speed of reference 4 (p. 17), which is valid for high wing density
and low values of wy/w,, may be modified to read
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Since the slope of the lift curve does not increase in accord-
ance with the Glauert-Prandtl formula beyond a certain
value of M<{1, the formula is clearly inapplicable beyond a
certain value of M. This value may be taken roughly to be
in the order of A/=0.7 to 0.75. For A=0.7, the formula
indicates a decrease in the flutter speed of approximately
17 percent,

The effects of internal damping and of the modes of vibra-
tion have been omitted in the calculations. Inclusion of
these effects would tend to reduce further the differences
between the numerical results for the compressible and
incompressible cases. This statement is borne out by the
results of reference 3 for a tapered wing.

Cealculations for a wing with an aileron cannot be made
by the method of reference 1 without very extensive and
difficult computations. It may also be remairked that the
numerical tables of references 1 and 3 show the need of
additional extensions and recalculations.

CONCLUDING REMARK

The main conclusion to be derived from study of the
numerical flutter calculations is that the eflect of compressi-
bility on the flutter speed (wing bending—wing torsion, no
aileron) for subsonic speeds with no shocks, although com-
plicated, is relatively small in the usual cases and for a
Mach number of 0.7 can be ellowed for by corrections of
small order to the incompressible-case results.

LanGLEY MEMORIAL AERONAUTICAL LLABORATORY,
NarioNaL Apvisory COMMITTEE FOR AERONAUTICS,
LaxeLEY Fi1eLD, VA., December 18, T945.
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F1gURE 1.—The fluiter coefficient ¢fbwq against frequency ratio wa/wa for various valugs
of x for Af=0"and Af=0.7. Elastic axls at 30 percent chord; ro?=0.25; a=—0.4; Za=0.2.
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FiaURE 2—The flutter cocflolent sfbw. agalnst frequensy ratlo wawa for various values
of x for AM=0and Af=0.7. Elastic axis at 40 percent chord; rad=0.25; §=—0.2; T.=0.2,
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FIGURE 3.—The fAutter ecefficlent #fbwa against frequency ratio wifwe for various values
of « for Af=0 and Af=0.7, Elastic axis at 50 percent chord; ro2=0.25; g=0; Ta=0.2.
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T1GURE 4.~-The flutter coaficient ojbwa agalnst frequency ratio wa/wa for two values of « for
Afm=( and Af=0.7. Elastic axis at 30 percent chord; ro2=0.25; a=—0.4; 2a=0.1.
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TABLE III

NUMERICAL RESULTS

[ra=0.25:7e=0.2]

APPENDIX

SYMBOLS AND NOTATION

M=0.7 A=)
x O
Ik wpfota wfwe #fbwe 1k wilwa ofwe | 00we
am—0.4
1.250 1,000 1.080 1.3%0 0.83 1.000 1.18 0.97
2.000 590 .736 1.472 1.63 500 .82 136
0.200 2.500 438 .622 1.585¢ 2.05 . 438 T2 1,48
3.333 . 234 807 1.60L 2,62 . 234 .62 1.62
3.85%0 0 .450 1.740 2.9 0 b7 172
1. 400 1.0 1.070 1. 500 —— J— _—— ———
2,000 .653 .778 1. GAT L78 .653 .88 1.5
100 2. 500 519 . 668 1666 | 223 519 7 | L7
3.338 . 361 554 L 847 285 .361 87 1.0
4,900 430 2.130 .60 .58 2.16
1.700 1,100 1.150 1. 980 1.13 1.100 1.27 1.4
2.000 . .818 .801 L83 L7 .818 1.00 L7
2,000 2.002 1.670 3.1 PSR I, — |
050 2.500 . 690 76T 1.803 2.2 . 690 .80 1.956
* 2. 50 6.106 5.785 14. 462 R ——— _— .
3.333 404 .627 2,091 3.11 494 .78 2.8
5.000 . 400 2.448 4.30 .202 .81 2,63
6. 490 0 .410 2.630 5.40 0 .54 2,90
2. 500 R . 043 -2.388 2.30 .889 104 2,30
2. 800 1,207 1205 3.237 1.81 1.297 1.42 2.56
025 3.333 .638 T4 2. 412 8.84 .838 .81 2,72
. 8.333 2.270 2.120 7.068 R S — e
5.000 .435 . 550 2.709 4.80 . 435 .68 3.19
9.860 . 350 3.420 | 7.8 Q 8L 400
a=—il.2

1.030 1.000 1.030 1.080 0.53 1.000 L17 0.62
2.000 446 .62 1.243 140 446 77 1.14
0. 200 2.000 3.242 3.107 8.215 ——— R J— —

2.500 .269 .516 1.288 1.81 260 L
2, 500 4.791 4 546 11.368 —— ——— c——— ——
2.980 0 40 1.310 2.09 .61 128
1. 350 1.000 1.030 L.390 .65 1000 L21 il
2.000 .B874 668 1.308 1.62 . 574 .84 1,36
2,000 2.385 2 251 4.501 R R ——
.100 2. 500 .438 508 1.487 1.0 435 4 1.48
2, 500 3.922 3.649 0.122 oo | e ——— .
8.333 L2853 .480 1.509 2.40 283 .64 1.81
4,040 0 .410 1.650 2.80 [} .B8 1.68
1.700 1.000 1,000 1.690 122 1,000 1.09 1.8
2,000 785 .828 1.857 Leé7 . 7656 .96 | L60
2.000 1.347 1.923 2.647 .25 1.347 144 L9
2.600 .594 . 695 1,787 2.20 S8 .82 1.80
. 050 2. 6500 1.728 1.637 4.004 J — R
3.338 .431 . 567 1,800 2.86 L4381 70 2.00
3.333 2.641 2 408 8.027 R — .
5.000 . 204 423 2115 | 3.83 204 | .58 2.21
5. 700 ¢ .370 2.130 4.28 0 54 2.2
2. 500 .88 .876 2.189 2.27 .838 .97 22
2,500 1.050 1047 2.619 L o8 1.050 1.15 224
3.333 . 588 . 666 2.221 324 . 588 T 2,49
L0256 3.333 1.450 1.364 4.547 U I, J— —-
5. 000 . 368 . 503 2.517 4.85 .368 .61 2.88
5.000 2.219 2.010 10. 048 RN [ — J—
8.430 (1] L340 2.870 6.46 4] .40 3.17

a=0

1.150 1.000 1.020 1.170 0.12 1000 1.18 0.14
1. 500 .000 .710 1.060 .85 . 600 .80 7T
2,000 .343 3 1.086 1.23 343 N .
2.000 1.466 1. 416 2.832 R ——- ——e .
0. 200 2.50 .126 L4444 1.110 1.45 .128 70 1.01
2. 500 1,518 1.458 3 644 PRSI S ——— —
3.833 1.570 1.500 5.000 JRRE B —_— —_—-
5. 000 1. 580 1.512 7. 560 [N —— ————
2.610 0 .430 1.110 1.48 0 .68 L02
1.350 1.000 1.010 1, 360 — ———- —
1. 500 .800 .850 L2370 — ——— J—
2. 000 . 518 .637 1.275 1.43 83 1.18
2.000 1.416 1.352 2. 703 ——— ————— —— ——_—
100 2. 500 378 . 538 1.344 L78 . .74 L2
- 2, 500 1. 661 1. 446 3.664 ———— —— _— ——
3:333 174 424 1.414 2.17 174 64 140
3.333 1.752 1.617 5.301 ——— ——— —— ——
5.000 1.943 1.764 8.822 R — —
3.690 "} .380 1.420 2.38 [} .60 1.43
2,000 700 .708 1.536 1.68 . 700 . 1.51
2.000 1.0982 1.070 2,141 1.43 1.092 1.21 1.73
2. 500 . 649 .642 1.805 2.13 . 549 .78 1.66
2. 500 1.268 L204 3.000 2,60 1.268 1.18 2.99
. 050 8.333 .33 817 1.724 2.74 335 66 181
3.333 1,475 1.361 4 536 R S, —— -
5.000 . 147 873 1.887 147 L9
5.000 L7857 1.578 7.878 e | cmmmee — ——
5.430 L] L340 1.870 3.8 0 .51 L g9
2,500 i .819 2,047 2.38 -197 .90 2,12
2. 500 . 000 .906 2.264 2.31 . 009 97 2.24
8.333 . 518 818 205 | 821 . 548 .7 2.28
.025 3.333 L174 1101 3.689 RV I —— —— R
5.000 .343 458 2288 | 4.44 343 .67 | 2.52
5.000 1,426 1.285 8.424 RN I — ——
7.940 0 .310 2,450 8.87 0 2.76

b half-chord used as reference unit length

a coordinate of axis of rotation (torsional axis)
measured from midchord (reference 4)

P air density

& ratio of mass of cylinder of air of diameter equal to

. chord of wing to mass of wing, both taken for

equal length along span 2(This ratio may be
expressed as x=0.24 (%s) (;’p—o) where W is
weight in pounds per foot span, b is in feet, and
plpo 18 ratio of actual air density to standard
density at sea level.)

La location of center of gravity of airfoil measured
from a (reference 4)

Fa radius of gyration of airfoil referred to a (refer-
ence 4)

e natural angular frequenecy of torsional vibrations
eround ¢ in vacuum

wy natural angular frequency of wing in bending in
vacuum :

? speed of forward motion

¢ speed of sound in undisturbed medium

M Mach number (v/c)

vy " flutter or critical speed

w angular frequency of wing vibrations

k reduced frequency (%‘u)

F and @ functions of k (see references 4 and 5)
A=2k

In each of the following formulas the incompressible-
case formula is listed first in the notation of references 4
and 5 followed by the conversion of the formula to make
use of the notation and- numerical tables of reference 3.
(See tables I and II.)

rod 1 1 2G /1 2F
Rum0u X2 (340 )+ (;-0) F—~(5+0) 37
2
—0. X215 36§ (3+0) (34 2§ z) s

K
=—"—;+7§-I [Ml—-;- (%—-[—a) ZI]
X,

=24k (z-%2)
'R},.:sz,,X—%—( 1 +gkg)

=0 X—2+5: Z

R et
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L=}, [—(%—i—a) gg—(—i——-a’) 2F+%—a]
_4 [M.—— 3+o) (Mt 2% z,)]+,%§ M,
Tn=3 [—(%ﬂ) 2F:]
~2 [M,—— 3+e) &]
Lo~ [ %2+ ——a) 2R+ 1]

(i)

I¢h='ll‘;: 2F
1
= Za
where \ \
g, X="e (‘2)
K &
BX= “’")

(2 4

ra? fwe\!
(2
The functions tabulated for convenience in tables I
and II are the primed quantities given in the following
definitions:

= ’ —’_-19'
Raa— aa +9¢X P

Ren=Rah’—:€?
R..=R. —%
ca [~ K
Ech=R¢h’+QhX—"’1? .....

LS

Iaa=z

Ich=71; Ich,
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